For a given planar point set P , consider a partition of P into disjoint convex polygons. In this paper, we estimate the maximum number of convex quadrilaterals in all partitions. 
Introduction
Erdős [2] asked the following combinatorial geometry problem in 1979. Find the smallest integer n(k) such that any set of n(k) points in the plane, no three collinear, contains the vertices of a convex k-gon, whose interior contains no point of the set. We call such a convex k-gon an empty convex k-gon. Klein [3] found n(4) = 5, and n(5) = 10 was determined by Harborth [5] . Horton [6] showed that n(k) does not exist for k 7. In this paper, we consider a related problem: How many disjoint empty convex k-gons can be constructed in a planar point set for a fixed k? We mainly study k = 4. Moreover, we consider the minimum number of disjoint empty convex polygons for a given point set.
Let P be a set of n points in the plane, no three collinear. We call a partition of P a convex partition if P is partitioned by subsets S 1 , S 2 , . . . , S t ; t i=1 |S i | = n, such that each CH(S i ) is an |S i |-gon for every i, where CH denotes the convex hull. A convex partition of P is called a disjoint partition, if each CH(S i ) does not intersect the others; CH(S i ) ∩ CH(S j ) = ∅ for any pair of indices i, j . Let k be a positive integer and Π k (P ) be the number of convex k-gons in a disjoint partition of P . We denote the maximum value of Π k (P ) by f k (P ) in all disjoint partitions of P and we define F k (n) = min{f k (P )}, over all sets P of n points. This means that for some point set P we can construct at most f k (P ) disjoint empty convex k-gons, and there exists a partition with at least F k (n) disjoint empty convex k-gons for every n point set. For a given n point set, it is trivial that F k (n) is a decreasing function for k. We can easily show Proposition 1 using well-known results.
Proposition 1.
(
We are interested in the problem of determining the exact values for F k (n). In this paper, we improve the lower bound for F 4 (n). By (iv) above, F 4 (n) = 0 for 1 n 4 and F 4 (5) = 1. What is the maximum n satisfying F 4 (n) = 1? We find an 8 point set P with f 4 (P ) = 1 (Fig. 1) . Thus F 4 (8) = 1 holds. On the other hand, every 9 point set can be partitioned into 2 disjoint empty convex quadrilaterals so that 1 point remains, that is, the next lemma holds.
Lemma 2. F
The following is the main lemma. It provides a useful construction procedure. By using the above lemmas we show the next result; for a set of 22 points we can construct 5 disjoint convex quadrilaterals with the remaining 2 points.
Theorem 4.
Moreover, we can obtain the following better bound for specified n.
Theorem 5.
Proofs
Proof of Proposition 1. Let P be a set of n points in the plane, no three collinear. Then (i)-(iii) are trivial.
(iv) Klein showed that from any 5 points in P , 4 can always be chosen so that they comprise the vertices of an empty convex quadrilateral. We can divide the plane into n/5 strips so that each of n/5 strips has just 5 points and 1 strip has the remaining points. Therefore F 4 (n) n/5 holds. We call such a construction a horizontal sweep. (v) Harborth showed that one can choose the vertices of an empty convex pentagon from any 10 points. Hence we can find at least n/10 convex pentagons for an n point set by the horizontal sweep.
(vi) Horton exhibited arbitrarily large sets containing no empty convex heptagons: f 7 (P ) = 0 for such sets P 's. Thus Proof of Lemma 2. Let Q be a set of 9 points in the plane, no three collinear. Denote the vertices of CH(Q) by V (Q). The interior points I (Q) of Q are the points of Q that are not on the boundary of CH(Q). When indexing a set of t points, we identify indices modulo t. We call a line l a cutting line of Q if l separates the plane into two open halfplanes H 1 and H 2 such that H 1 ∪ l contains a convex quadrilateral determined by a subset Q of Q and that H 1 does not contain the remaining 5 points Q of Q. We call four points Q good. Note that CH(Q ) is contained in H 2 ∪ l and does not intersect the good four points Q . Since every 5 point set has an empty convex quadrilateral by Klein's Theorem, we can find the desired 2 convex quadrilaterals if there exists such a cutting line.
If CH(Q) is an 8 or 9-gon, we can easily find such a cutting line. If CH(Q) is a k-gon for k = 5, 6, 7, then there exists an extended straight line associated with an edge of CH(I (Q)) such that the extended straight line separates the plane into two regions, one of which contains an empty convex i-gon (i 4). Therefore there exists a cutting line of Q which separates Q into 4 points of such i-gon and the remaining points. Next we show the remaining two cases. 4 are on the same side with respect to u 1 v 3 for every i (Fig. 4) . There are four subcases.
(i) There exists an attack point
} is good and both Q 1 and (Q 3 \{q 1 }) ∪ {v 4 } are also good.
(ii) There does not exist q 1 in (i) but there exists an attack point q 2 ∈ Q of l(v 4 ; s 4 , s 3 ). {v 3 , v 2 , q 2 , v 4 } is good and both (Q 1 \{u 1 }) ∪ {v 1 } and (Q 3 \{q 2 }) ∪ {u 1 } are also good.
(iii) There do not exist both q 1 and q 2 in (i) and (ii) but there exists an attack point q 3 ∈ Q of l(v 4 ; s 3 , s 2 ). {v 2 , v 1 , q 3 , v 4 } is good and both Q 1 and (Q 3 \{q 3 }) ∪ {v 3 } are also good.
(iv) There do not exist q 1 , q 2 and q 3 in (i), (ii) and (iii), that is, C(v 2 ; v 3 , v 4 ) contains Q 3 . {v 3 , v 2 , v 4 , w 1 } is good and both (Q 1 \{u 1 }) ∪ {v 1 } and (Q 3 \{w 1 }) ∪ {u 1 } are also good. ✷ Proof of Theorem 4. Let P be a set of n points in the plane, no three collinear. Any 22 points can be constructed for 5 disjoint convex quadrilaterals by Lemmas 2 and 3 for m = 9. By the horizontal sweep, we can divide the plane into n/22 disjoint strips so that there exist n/22 strips each of which has just 22 points and 1 strip has the remaining point set V . If the size of V satisfies 4k + 1 |V | 4k + 4 for k = 0, 1, then there exist at least k disjoint convex quadrilaterals. If 9 |V | 13, we can find at least 2 disjoint convex quadrilaterals by Lemma 2. If 4k + 2 |V | 4k + 5 for k = 3, 4, there exist at least k disjoint convex quadrilaterals. Therefore we can obtain at least 5n/22 disjoint convex quadrilaterals. ✷ Proof of Theorem 5. First we show the following inequality by induction on k:
By Lemma 2, the inequality holds for
holds by the induction hypothesis. Since α(k) = 2α(k − 1) + 4, every set of α(k) points has 2 good α(k − 1) points and 1 good four points by Lemma 3. Thus we conclude that
This completes the proof for n = 13·2 k−1 −4. ✷
Some other applications of Lemma 3
The following problem was introduced in [8] . Given an n point set P in the plane, no three collinear, let f (P ) denote the minimum number of disjoint empty convex polygons in any disjoint partition. Define F (n) = max{f (P )}, over all sets P of n points. Then it has been shown that (n − 1)/4 F (n) 2n/7 , i.e., any set of n points can be partitioned into at most 2n/7 disjoint convex polygons, and some point sets require (n − 1)/4 disjoint convex polygons in any disjoint partition. In this section, we improve on this upper bound using Lemma 3.
Theorem 6.

F (n)
5 18 n for n 1.
Proof. By Lemma 3 for m = 7 and F (7) = 2 shown in [8] , any 18 points can always be constructed for at most 5 disjoint convex polygons; F (18) 5. By the horizontal sweep, we can obtain n/18 disjoint strips each of which has just 18 points, and the remaining point set V . If the size of V is at most 14, V can be covered by at most 4 disjoint convex polygons by F (7) = 2; for otherwise, there exist at most 5 disjoint convex polygons. In both cases, P can be covered by at most 5n/18 disjoint convex polygons. ✷ Theorem 7.
Proof. F (11 · 2 k−1 − 4) 3 · 2 k−1 − 1 holds by induction on k using Lemma 3. This completes the proof for n = 11 · 2 k−1 − 4. ✷
Concluding remarks
(i) In [8] any set of 7 points can be partitioned into a triangle and a convex quadrilateral. Moreover, we show that any 18 points can always be partitioned into 5 disjoint convex polygons, 2 triangles and 3 convex quadrilaterals in Section 3. So we increase the ratio of the number of convex quadrilaterals. If we can determine the value k such that any set of 4k points can be partitioned into k disjoint convex quadrilaterals, then F (n) n/4 and also F 4 (n) = n/4. However, Fig. 5 shows that there does not exist such a partition for any n. The figures are constructed as follows. Draw an equilateral n/2 -gon C. If n is even, place a point on each vertex of C and place a point inside C close to the midpoint of each edge so that no three points are collinear. If n is odd, place 1 point close to the center of C in addition to the points for the even case so that no three points are collinear. Note that this configuration gives an upper bound for F 4 (n).
Theorem 5 shows that F 4 (n) (3n − 1)/13 for an infinite series of specified values, that is, 0.2307n quadrilaterals are guaranteed. However, this does not hold for n = 13: F 4 (13) = 2 (Fig. 5) . Consider the case n = 26. Theorem 4 says F 4 (26) 5. Therefore the outstanding question is whether F 4 (26) = 6 or not. If this value is 6, we can show F 4 (n) 13n/56 using Lemma 3, that is, 0.2321n quadrilaterals are guaranteed. We conjecture that F 4 (n) = 13n/56 for n 14.
(ii) Concerning (iii) It is difficult to estimate the value F 6 (n) since we do not know whether there exists an empty convex hexagon for a given point set. For this open problem, with the help of a computer, Avis and Rappaport [1] have found a set of 20 points, no three collinear, containing no empty hexagon. Moreover, Fabella and O'Rourke [4] found a similar set of 22 points. In 1989, Overmars et al. [7] also constructed a set of 26 points without an empty convex hexagon. 
